Abstract. In this work, we examine effects of permanent charges on ionic flows through ion channels via a quasi-one-dimensional classical Poisson-Nernst-Planck (PNP) model. The geometry of the three-dimensional channel is presented in this model to a certain extent, which is crucial for the study in this paper. Two ion species, one positively charged and one negatively charged, are considered with a simple profile of permanent charges: zeros at the two end regions and a constant Q 0 over the middle region. The classical PNP model can be viewed as a boundary value problem (BVP) of a singularly perturbed system. The singular orbit of the BVP depends on Q 0 in a regular way. Assuming |Q 0 | is small, a regular perturbation analysis is carried out for the singular orbit. Our analysis indicates that effects of permanent charges depend on a rich interplay between boundary conditions and the channel geometry. Furthermore, interesting common features are revealed: for Q 0 = 0, only an average quantity of the channel geometry plays a role; however, for Q 0 = 0, details of the channel geometry matter; in particular, to optimize effects of a permanent charge, the channel should have a short and narrow neck within which the permanent charge is confined. The latter is consistent with structures of typical ion channels.
Introduction.
In this work, we analyze effects of permanent charges on ionic flows through ion channels, based on a quasi-one-dimensional classical PoissonNernst-Planck (PNP) model. The geometry of the three-dimensional channel is presented in this model to a certain extent, which is crucial for the study in this paper. We start with a brief discussion of the biological background of ion channel problems, a quasi-one-dimensional PNP model, and the main concern of our work in this paper. Equipped with system (1.1), we impose the following boundary conditions (see, [14] for a reasoning), for k = 1, 2, . . . , n, ignores the ion-to-ion interaction. PNP models including ideal components are referred to as classical PNP models. Numerical studies have shown that classical PNP models provide good qualitative agreement with experimental data for I-V relations [4, 5] . Dynamics of classical PNP models has also been analyzed by using asymptotic expansion methods [1, 6, 32, 42, 49, 50, 52, 55] and geometric singular perturbation approaches [14, 15, 35, 36, 39] .
The excess component μ ex k (x) accounts for ion sizes, which is a crucial component for many important properties of ion channels such as selectivity. Modeling of the excess component μ ex k (x) is extremely challenging and is not completely understood. A great deal of effort has been attributed to approximations of μ ex k (x) based on meanspherical approximations, fundamental measure theory, and density functional theory (e.g., [8, 9, 43, 44, 45] ). Numerical simulations of PNP with approximated models of μ ex k (x) have been conducted for ion channel problems in comparison with experimental data and have shown great successes for properties such as ion permeation and ion selectivity (e.g., [18, 19, 20, 21] ). Other important phenomena involving μ ex k (x) such as steric effects, layering, charge inversion, and critical potentials have also been studied [3, 16, 23, 24, 25, 27, 30, 31, 33, 34, 38, 56] .
In this work, we will take classical PNP models that include the ideal component μ id k (x) in (1.4) only to examine permanent charge effects on ionic flows. Downloaded 12/05/16 to 129.237.46.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
Basic concerns and a brief description of main results.
As observed in [15] , the Nernst-Planck equation in (1.1) for the flux J k gives
Thus, the sign of J k is determined by the boundary conditions-independently of the permanent charge Q(x). However, magnitudes of J k 's, and, hence, the sign and the magnitude of I, do depend on the permanent charge Q(x) in general. This motivated the following question raised and examined in [15] : can permanent charges produce zero current? For the case D k (x) = h(x) = 1 with a simple profile of a permanent charge
where Q 0 is a constant, the authors of [15] derived a single algebraic equation (equation (3.2) in [15] ) that determines the answer; that is, there is a Q 0 such that I = 0 if and only if the algebraic equation has a real root. Furthermore, even for simple settings with two oppositely charged ion species, there are extremely rich phenomena for the effects of permanent charges, many of which are far from intuitive (see section 4 in [15] ).
In this work, we will consider a simple setting with n = 2 and Q(x) as in (1.6) with |Q 0 | small relative to the boundary concentrations L k 's and R k 's. Treating system (1.1) as a singularly perturbed problem (see section 2 for details), we will apply the geometric singular perturbation method [14, 36] to study the BVP (1.1) and (1.2). For the zeroth order approximation of the BVP (1.1) and (1.2), if we consider its dependence on Q 0 and write, particularly,
then J k1 's and I 1 contain the leading information about effects of the permanent charge Q(x) on ionic flows. The main objective of this paper is to study dependences of J k1 's and I 1 on the boundary conditions V, L k 's, R k 's, and the channel geometry h(x).
Our analysis indicates that effects of permanent charges depend on a rich interplay between boundary conditions and the channel geometry. Yet, we are able to characterize these complicated interplays in precise terms (see section 4). Furthermore, interesting common features are revealed: for Q 0 = 0, only an average quantity of the channel geometry plays a role; however, for Q 0 = 0, details of the channel geometry matter; in particular, to optimize effects of a permanent charge, the channel should have a short and narrow neck within which the permanent charge is confined. We remark that the latter was not anticipated by the authors in the beginning. It is the analysis that leads to this finding, which is consistent with structures of typical ion channels. To the best of the authors' knowledge, this work is the first analysis on roles that channel geometry plays in ionic flows.
The rest of this paper is organized as follows. In section 2, we provide the setup of our problem, review briefly the geometric singular perturbation theory for classical PNP models, and recall the governing system from [14] for singular orbits of the BVP. In section 3, the singular orbit, determined by the solution of the governing system, Downloaded 12/05/16 to 129.237.46.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php SHUGUAN JI, WEISHI LIU, AND MINGJI ZHANG is expanded in Q 0 near Q 0 = 0 to obtain expressions for J k1 's and I 1 defined in (1.7). Section 4 is devoted to a detailed analysis of dependences of J k1 's and I 1 on the boundary conditions V, L k 's, R k 's, and the channel geometry h(x). The paper ends with concluding remarks in section 5.
2. Problem setup and the governing system. Our study of effects of permanent charges on ionic flows starts with an analysis of the BVP (1.1) and (1.2).
The assumptions.
For the BVP (1.1) and (1.2), we will take the same setting as that in [14] :
(A1) We consider two ion species (n = 2) with
In what follows, we will assume (A1)-(A4). With the rescaling
and the expression (
with the boundary conditions
We will assume ε > 0 small and treat system (2.1) as a singularly perturbed system and apply the geometric singular perturbation framework from [14] for the BVP (2.1) and (2.2) (see [36] for a general setting with arbitrary n).
Geometric singular perturbation theory for (2.1)-(2.2).
We will rewrite system (2.1) into a dynamical system of first order ordinary differential equations and convert the BVP (2.1) and (2.2) to a connecting problem.
Denote the derivative with respect to x by an overdot and introduce u = εφ and τ = x. System (2.1) becomes, for k = 1, 2,
3)
System (2.3) is a singularly perturbed dynamical system with phase space R 7 and state variables (φ, u, c 1 , c 2 , J 1 , J 2 , τ). System (2.3) is the so-called slow system. The rescaling x = εξ in (2.3) gives rise to the fast system, for k = 1, 2,
where prime denotes the derivative with respect to the variable ξ. Downloaded 
Then, the BVP (2.1) and (2.2) is equivalent to a connecting problem, namely, finding an orbit of (2.3) or (2.4) from B L to B R .
A general approach to the connecting problem. A strategy for analyzing this connecting problem of classical PNP models was developed in [14] (in [36] for a general setting), which has been successfully extended to handle PNP with hard-sphere ions in [27, 34, 38] . The classical PNP system is first reduced to two subsystems: the limiting fast and the limiting slow system. Due to two special structures of the classical PNP system, the limiting slow and limiting fast systems can be integrated. A singular orbit, the zeroth order approximation, for the connecting problem is constructed by matching slow orbits (those of the limiting slow system) and fast orbits (those of limiting fast system). The matching leads to a system of algebraic equations, the governing system for singular orbits of the connecting problem (see [14, 36] ). Once a singular orbit is constructed, under a certain transversality condition, one can apply exchange lemmas (see, e.g., [28, 29, 51] ) to show that there is a unique solution of the BVP for small ε > 0 in the vicinity of the singular orbit.
For the present problem with small |Q 0 |, one can obtain explicit expansions in Q 0 of singular slow and fast orbits. Application of the matching to the expansions will lead to an explicit expansion of a singular orbit for the connecting problem.
A shortcut based on the governing system. One can also start with the governing system in [14] directly and apply regular perturbation theory to obtain the singular orbit for small |Q 0 |. This will be the approach adopted in this paper to complement the general full procedure described above and developed in other papers mentioned before.
We comment that, for Q 0 = 0, the BVP (1.1) and (1.2) was shown to have a unique solution in [39] for a general n with distinct z k 's and for h(x) = 1; in particular, the transversality condition for an application of the exchange lemma is established. This result applies immediately to the present problem for |Q 0 | small. We thus will focus on singular orbits in the following.
We now summarize the construction of a singular orbit that leads to the governing system derived in [14] and recast in (2.7) and (2.8).
Due to the jumps of the permanent charge Q(x) in ( 
In terms of these six unknowns, one can construct singular orbits on each subinterval. 
In particular, given (φ a , c 
This consists of six conditions, exactly the same as the number of unknowns preassigned in (2.5). The matching conditions (2.6) then reduce the singular connecting problem to the governing system, system (43) in [14] , recast below (note that α and β in [14] are related to z 1 and z 2 in this paper as α = z 1 and β = −z 2 ):
1 − e z1z2(J1+J2)y , 
Once a solution for (2.7) and (2.8) is obtained, one can determine a singular orbit
3. Expansion of singular solutions in small |Q 0 |. As mentioned in the introduction, we will assume that |Q 0 | is small. With this assumption, we expand all unknown quantities in the governing system (2.7) and (2.8) in Q 0 ; for example, we write
For the expansions, we will determine the coefficients of the zeroth order and first order terms for dominating effects of the permanent charge on ionic flows.
Zeroth order solution of (2.7) and (2.8).
The problem for Q 0 = 0 has been solved in [35] for h(x) = 1 and, for a general h(x), it can be solved as in [14] over the interval [0, a] . One can also obtain the zeroth order solution directly by substituting (3.1) into (2.7), expanding the identities in Q 0 , and comparing the terms of like powers in Q 0 . We summarize the result for the zeorth order terms below. Denote 
First order solution in
The zeroth and first order terms on both sides are identical. The Q 2 0 terms give
Substitute 
, c 
Proof. One expands the relevant identities in (2.8) in Q 0 , compares the first order terms in Q 0 , and uses the results for the zeroth order terms in Proposition 3.1 and the relation in Lemma 3.3. The relations then follow. The details will be omitted. Applying the same procedure as above to the last four identities in (2.7) and using the results in Proposition 3.1 and Lemmas 3.3 and 3.4, one obtains directly ,
)H(1) .
We are now ready to obtain the first order terms. 
, c
This will be based on the singular orbit of the BVP constructed in the previous section.
For |Q 0 | small, the flux J k of the kth ion species and the current I are
, where
The quantities J 11 and J 21 encode the leading effects of permanent charges and channel geometry on the ionic flow and will be analyzed for this purpose.
4.1.
A comparison between zeroth order and first order in Q 0 . For the kth ion species, denote the difference of its electrochemical potentials at the two boundaries by
Under the electroneutrality conditions (4.1), from Corollary 3.2,
Also, it follows from Proposition 3.5 that
where, in terms of α and β defined in (3.2), A and B defined in (3.5) become (L, R) ; that is, for any s > 0, (L, R) ; that is, for any s > 0,
Lemma 4.1. The quantities A = A(L, R), B = B(L, R), and μ
δ k (V ; L, R) scale invariantly in
A(sL, sR) = A(L, R), B(sL, sR) = B(L, R), and μ
Proof. The statements follow directly from (4.2), (4.4), (4.5), and Lemma 4. 
(ii) Note that J 10 is independent of the other type of ion species; that is, for different values of z 2 , J 10 stays the same as long as the electroneutrality conditions hold. Likewise, J 20 is independent of z 1 in the same sense. However, J 11 does depend on z 2 and J 21 does depend on z 1 . This is expected since a permanent charge Q(x) provides an agency for one ion species to interact with the other through the electric field. (iii) The channel geometry does have effects on J 10 and J 20 but in a simpler way through the average quantity H(1) on the denominator in (4.4). More details of the channel geometry through α and β in addition to H(1) are involved in (4.5) for J 11 and J 21 . We will examine the roles of channel geometry on the signs of J k1 and on the magnitudes of J k1 in the next part. To end this part, we introduce a function that will be used in a number of places below. For t > 0, set
One establishes easily the following.
4.2.
Dependence of signs of J k1 on channel geometry. In this part, we will determine the signs of J k1 's relative to those of J k0 's in terms of the channel geometry (α, β) and the boundary condition (V, L, R). For t > 1, one has (i) if α < γ(t), then there exists a unique β 1 ∈ (α, 1) such that
Proof. Since both A and ln
With a direct application of l'Hospital's rule, one has lim t→1 (1 − B) = 0. Proof. We will establish the statement for case (i1) with t = L/R > 1. The others can be established in a similar way.
It follows from Lemma 4.6 and z 1 > 0 > z 2 that, for this case, 
4.3.
Dependence of magnitudes of J k1 on channel geometry. We now analyze how magnitudes of J k1 depend on the channel geometry (α, β) and the boundary condition (V, L, R). It turns out that there is a common feature that is essentially independent of the boundary condition (V, L, R).
Recall that (α, β) ∈ Ω := {0 ≤ α ≤ β ≤ 1}. Write
Proof. We prove the statement for p 1 (α, β). Note that p 1 (α, α) = 0.
Therefore, any critical point (α, β) satisfies α = β where p 1 vanishes. Hence, the maximum of |p 1 (α, β)| on Ω is attained on the boundary
On the portion of the boundary {α = 0, β ∈ [0, 1]},
The critical point of p 1 (0, β) is
To have γ * 1 ∈ (0, 1), necessarily,
where t = L/R and γ(t) ∈ (0, 1) is defined in (4.7).
On the boundary {α ∈ [0, 1], β = 1},
The critical point of p 1 (α, 1) is clearly α = γ * 
. The latter means that the neck of the channel to which the permanent charge is confined is short and narrow. Note that, in order to produce the same permanent charge density Q 0 , it requires many more numbers of charges for setting (i) than for setting (ii). In this sense, setting (ii) for ion channels is optimal for effects of permanent charges on ionic flows.
One can also check that, if γ * k ∈ [0, 1], then the "optimal" setting is as follows: 
and A and B are defined in (4.6). Theorem 4.13. For Q 0 = 0, the zeroth order in ε approximation of the reversal potential V rev is given by
Proof. Recall that V = V rev is such that I 0 = 0. The latter is equivalent to, from (4.10), We now examine the sign of I 1 to determine the leading effects of the permanent charge on the current. Note that, if B = 1, then
Theorem 4.14.
where P is defined in (4.11), is a quadratic equation in λ whose discriminant is Δ = z 
Note that, if Proof. The scaling invariance of V rev (L, R) follows from the formula for V rev (L, R). Since B is scaling invariant and other quantities in the coefficients of P are independent of L and R, the scaling invariance of the other critical potentials, as roots of P (V ; L, R) = 0, follows directly. Downloaded 12/05/16 to 129.237.46.8. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php 5. Concluding remarks. In this work, we analyzed effects of a simple permanent charge profile with a small nonzero portion and channel geometry on individual fluxes and on I-V relations for ionic flows with two ion species via a quasi-onedimensional classical PNP model.
Without permanent charges, the flux of one ion species is independent of the other based on the classical PNP models for dilute mixtures (as is well known); for PNP with hard-sphere potentials, the flux of one ion species does depend on the other in the first order of characteristic ionic radius (see, e.g., [27, 34, 38] ) due to ion-to-ion interactions. In this case, for both classical PNP and PNP with hard-sphere potentials studied in the abovementioned papers, only the average quantity H(1) of the channel geometry affects the fluxes.
With the presence of a permanent charge, as expected, the classical PNP model also shows the dependence of the flux of one ion species on the other ion species. Most importantly, effects of permanent charges on ionic flows could be very complicated, depending on the interplays between boundary conditions and the channel geometry. Our analysis leads to an interesting conclusion that, to optimize the effects of a permanent charge, the neck of the channel to which the permanent charge is confined should be short and narrow.
For large |Q 0 | or a more general form of a piecewise constant permanent charge Q(x), although a governing system for singular orbits is available ( [14, 36] ), it is very challenging to obtain reasonably explicit expressions for the fluxes. It would be extremely important for a comprehensive analysis of permanent charge effect if this difficulty can be overcome in some way.
